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Abstract
Motivated by the absence of Misner string in the Euclidean Taub-
Bolt/NUT solutions with flat horizons, we present a new treatment for
studying the thermodynamics of these spactimes. This treatment is
based on introducing a new charge, N = σ n (where n is the nut charge
and σ is some constant) and its conjugate thermodynamic potential
ΦN . Upon identifying one of the spatial coordinates, the boundary of
these solutions contains two annulus-like surfaces in addition to the
constant-r surface. For these solutions, we show that these annuli sur-
faces receive electric, magnetic and mass/energy fluxes, therefore, they
have nontrivial contributions to these conserved charges. Calculating
these conserved charges we find, Qe = Q
∞
e −2NΦm, Qm = Q∞m+2NΦe
andM =M−2NΦN , where Q∞e , Q∞m ,M are electric charge, magnetic
charge and mass in the n = 0 case, while Φe and Φm are the electric
and magnetic potentials. The calculated thermodynamic quantities
obey the first law of thermodynamics while the entropy is the area
of the horizon. Furthermore, all these quantities obey Smarr’s rela-
tion. We show the consistency of these results through calculating the
Hamiltonian and its variation which reproduces the first law.
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1 Introduction
The last two decades have witnessed lots of interest in Anti-de-Sitter (AdS)
spacetimes and their thermodynamics as a result of gauge/gravity dualities[1,
2, 3]. These dualities relate the physics of AdS spacetimes in the bulk at
weak coupling to that of conformal field theories on the boundary at strong
coupling. Such dualities have revealed how gravitational solutions in AdS
encodes important information about the conformal field theories on the
boundary in their semi-classical gravity. Black holes in asymptotically AdS
spacetimes have three types of horizon topology, namely, spherical, hyper-
bolic and flat, in contrast to asymptotically Minkowski black holes, which
have only spherical horizons. One of the interesting classes of AdS solutions
which were discussed in this context is the AdS-Taub-Bolt/NUT black holes
in four [14, 15] and higher dimensions [17]. These solutions were studied by
serval authors [16, 14, 15, 19, 10] and have revealed unusual properties of their
thermodynamics. For example, the entropy is not the area of the horizon as a
result of Misner string and it is not always positive. Another unusual feature
is that although we have added one more parameter to Schwarzschild-AdS
solution we do not have an additional term in the first law, as in the case
of Kerr solution when we add a rotation parameter ”a”. This is because of
the known extra identification in the time direction β = 8pin, which leaves
Misner string invisible [6], where n is the nut charge. This identification
render the nut parameter related to, the horizon radius r0, as a result, the
nut charge can not be varied independently of the horizon radius r0.
In this work we study thermodynamics and the first law of neutral and
dyonic Taub-Bolt/NUT-AdS solutions in four dimensions with flat horizons,
which are characterized by a NUT charge n and have the following form,
ds2 = f(r) (dt+A)2 + dr
2
f(r)
+ (r2 − n2) dΣ2B. (1)
where, A is the one-form in the AdS-Taub-NUT/Bolt metric, which is related
to the Kahler form F , through F = dA. Here we define a new thermodynam-
ical charge N = − ∫
B
F = σn, where σ is some constant1. The constant-r
hypersurface of this space is a U(1) fiber over the base manifold B. This
solution has been generalized to higher dimensional Taub-Bolt and Taub-
NUT solutions in [12] for asymptotically locally flat spaces and in [13, 17]
for asymptotically locally de Sitter and Anti-de-Sitter spaces.
Here we present a new treatment to study the thermodynamics of these
1 e.g., in the case of spherical horizon the integration is over S2 and σ = 4pi.
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solutions in which the NUT charge, n, is directly related to the new charge
N = − ∫
Σ
F = σn. The treatment presented here is motivated by the pre-
vious work of Hunter [9], in which he introduces a charge N = −1/4pi ∫
S2
F
and a nut potential ψN , which is similar to the chemical potential ΦN we de-
fine in this work. In our treatment N can vary independently of the horizon
radius r0, since we do not have β = 8pin, as a result of the absence of Mis-
ner string in the Euclidean Taub-Bolt/NUT solution. As mentioned above,
the new charge N has its own conjugate thermodynamic potential, ΦN and
the NΦN terms is going to play an important role in the thermodynamics
of these solutions. Upon calculating various thermodynamic quantities one
finds that the entropy is the area of the horizon and these quantities satisfy
the Smarr’s relation and the first law.
Upon identifying one of the coordinates, the spatial boundary of these
cases consists of three surfaces, a constant-r surface and two annulus-like
surfaces extended from the horizon to infinity on the top and the bottom of
the cylinder. The two annulus-like surfaces in n = 0 case (e.g., Schwarzschild-
AdS and Reissner-Nordstorm-AdS), do not receive any fluxes of conserved
quantities such as mass, electric and magnetic charges, therefore, one can
consider the identification of the other spatial direction obtaining a torus.
But as we will see here for n 6= 0 these annulus-like surfaces receive their
own fluxes which are going to contribute in the surface integrals of various
conserved charges. In fact, we are going to show that these surfaces have
nontrivial contributions to all conserved quantities, such as, electric charge,
magnetic charge and the mass of the solution.
The thermodynamics of these solutions has been studied by Mann et al.
in [10]. In their thermodynamics treatment the mass of the solution is the
usual mass M = σm, which is proportional to the mass parameter m, but
the entropy is not the area of the horizon, since it needs to satisfy the Gibbs-
Duhem relation, I = βM−S. In section 3, we show that a careful calculation
of the mass using Komar integral reveals an additional contribution coming
from the annulus integrals of the cylinder which add a −2NΦN term to the
mass. Although, the quantities in [10] satisfy Gibbs-Duhem relation, they do
not satisfy the first law unless the outer radius of the horizon r0 is related to
the nut charge. This relation is very similar to the one found in the spherical
horizon case where one imposes the extra periodicity condition on Euclidean
time β = 8 pin to remove the Misner string singularity. In the spherical case
this relation is important to remove such a singularity but for the flat horizon
case we have no such a singularity and no Misner string, therefore, it is not
clear how can we justify such a relation. Another important point is that in
the absence of Misner strings, we expect the entropy of the solution to receive
3
contributions solely from the area of bolts [8], since the known expression of
entropy in this case is S = 1
4
(Abolt + AMS) − β HMS, i.e., the entropy is
the area of the horizon, therefore, this analysis is not consistent with these
known results.
Recently, the authors in [21] have considered a similar treatment to the
one we present here, but for Lorentzian spherically symmetric Taub-Bolt so-
lutions, rather than an Euclidian Taub-Bolt solution with flat horizon. In
their treatment the new charge ”N” is not directly proportional to n but
a function of n and horizon radius r0 that changes from a solution to an-
other [10, 22]. A second difference is that our mass calculation gives an
additional contributions from the annulus-like surfaces which gives a total
mass, M = M − 2NΦN , where M = σ (m−mn) = σ(m + 4n3/l2) and we
have used the NUT space as a reference space. This leads to the first law,
dM = T dS − N dΦN , which is different from the one obtained in [21]. A
third difference is that the chemical potential ψN , associated with their New
charge ”N” was shown to be proportional to Misner string temperature [37].
But since we deal with multi-temperature system, at equilibrium they should
match, which is equivalent to identifying the time direction with periodicity
β = 8pin. Although our treatment and the one in [21] have the same general
idea of introducing a pair of thermodynamical variables N − ΦN , which is a
natural consequence of having independent r0 and n, the two approaches are
different in their mass and their first law looks different as we will see below.
While preparing this work we found the appearance of another related paper
[39] which introduces again the same general idea of adding extra thermody-
namic pairs, but this time it adds two new charges n and mn to study the
thermodynamics of Lorentzian Taub-Bolt and NUT solutions with spherical
horizons. Although this work studies a different class of Taub-Bolt/NUT so-
lutions with different signature which includes electrically charged Taub-Bolt
solutions it did not include the dyonic solution we studied here.
This work is organized as follows: In section 2 we discuss the thermo-
dynamical consequences of having the new thermodynamic quantity N in
analogy with electric and magnetic charges. In section 3 we calculate the
total mass of the spacetime given the additional contributions of the annulus-
like surfaces, the entropy as the area of the horizon and show that the first
law and Smarr’s formula are satisfied when we include N and its chemical
potential ΦN . In section 4 and 5 we calculate all relevant thermodynamic
quantities, then show that they do satisfy the first law and Smarr’s formula
when we include N and its chemical potential ΦN as well as the additional
contribution of the magnetic charge and total mass. In section 6, we calcu-
late the Hamiltonian and its variation to reproduced the first law that we
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obtained in the previous section, which confirms its form. At the last section,
7 we conclude our work.
2 Action and Thermodynamic Ensembles
In this section we discuss the thermodynamic consequences of introducing
the new charge ”N” and its chemical potential for the neutral and dyonic
AdS-Taub-Bolt solutions and argue for an alternative treatment in which
the entropy is the area of the horizon and the first law is satisfied without
the need for the extra condition relating the radius of the horizon to the
NUT charge. The action of Einstein-Maxwell theory for asymptotically AdS
spacetime M with boundary ∂M is given by
IG = − 1
16piG
∫
d4x
√−g (R− 2Λ− F 2)− 1
8piG
∫
∂M
d3x
√
hK, (2)
where Λ = − 3
l2
is the cosmological constant, Aµ is the gauge potential and
Fµν = ∂µAν − ∂νAµ is its field strength. The first two terms represent the
Einstein-Hilbert action with negative cosmological constant and the electro-
magnetic contribution to the action. The final term is Gibbons-Hawking
boundary term. Here, hab is the boundary metric and K is the trace of the
extrinsic curvature Kab on the boundary. Varying the action with respect to
the metric gµν and the gauge potential Aµ we get the following field equations
Gµν + Λ gµν = 2 Tµν (3)
∂µ(
√−g F µν) = 0 (4)
where Gµν is Einstein Tensor, Tµν is the stress tensor, which is given by
Tµν = Fαµ F
α
ν −
1
4
gµν F
2 (5)
Trying to calculate the above gravitational action for the Taub-Bolt solution
on shell, one encounters a finite number of divergent terms arising from inte-
grating over the infinite AdS volume. These divergent terms can be canceled
through the addition of certain local surface counterterm [23, 15] or through
the the background subtraction technique where an action of a background
space (such that of a AdS space) is subtracted from the action of the space-
time under investigation. Here we are going to use the AdS-Taub-NUT space
as our background spacetime. In our case here the boundary metric is not
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a single hypersurface but a two-dimensional cylinder upon identifying one of
the dimensions. Therefore, one expects having additional attributions from
the two annulus-like surfaces of the cylinder in the action as well as the con-
served charges of the solution. From various studies of charged and neutral
AdS black holes with flat horizons in literature, one can see that these sur-
faces have vanishing contributions, when n = 0. But for AdS solutions with
nonvanishing NUT charge, n, these surfaces have nontrivial contribution to
conserved quantities, such as, electric charge, magnetic charge and the mass
of the solutions, as we will see in the coming sections.
Electrically charged black holes differ from the magnetically charged ones
in their boundary conditions [24, 25]. The boundary condition on the Euclid-
ian action of magnetic black holes fixes the magnetic charge, Qm, therefore,
the partition function Z = Z(T,Qm), but for the electric black holes it
fixes the electric potential, Φe (chemical potential), therefore, the partition
function Z = Z(T,Φe). As a result, it is natural to consider the canonical
ensemble for the magnetic case and the grand canonical ensemble for the
electric case. This leads to a mixed ensemble in the case of dyonic black hole
with the partition function Z(T,Qm,Φe). In the case of AdS-dyonic black
holes with spherical horizons, one can consider the canonical ensemble with
fixed charges upon adding a surface term to the action, which reads
I˜ = I − 1
4piG
∫
∂M
d3x
√
hna F
abAa. (6)
It provides the action with the needed Legendre transformation to replace
its dependence on Φe with a dependence on Qe.
It is worth mentioning here that from a thermodynamic perspective, the
NUT charge is quite similar to the magnetic charge since both charges are
expressed as integrals of some field strength over a closed surface at the
boundary, therefore, these charges are fixed upon fixing the boundary metric.
As a result, we evaluate the partition functions in a definite charge sector,
or Z(T,N), where the action is related to the Gibbs energy. Then,(
∂G
∂N
)
T
= ΦN , (7)
defines the chemical potential for N 2. This leads to
dG = −S dT + ΦNdN, (8)
as we are going to see in the coming sections.
2In [9] Hunter argued for the existence of a similar term to nΦn in the action of
Taub-NUT space with spherical horizon.
6
3 Taub-Bolt thermodynamics with flat hori-
zon revisited
As was mention in the previous sections our thermodynamic treatment of
Taub-Bolt/NUT-AdS solutions assumes that N is a new charge which can
be varied independently from the horizon radious. It is constructive to discuss
the neutral Taub-Bolt/NUT case before we move to the Taub-Bolt/NUT case
with electric and magnetic charges. The Taub-Bolt/NUT spacetime is given
by the following metric
dS2 = f(r)
(
dt+
2nx
l
dφ
)2
+
dr2
f(r)
+
(
r2 − n2
l2
)
(dx2 + l2 dφ2) (9)
where
f(r) =
r4 − 6n2r2 − 3n4 − 2ml2r
l2(r2 − n2) (10)
Here, r is a radial coordinate, x ∈ [−L/2, L/2] and φ ∈ [0, 2pi]. Total sur-
face area at constant r is
∫
l dφ dx = 2pi l L = σ l2. Notice that the spatial
boundary is a two-dimensional cylinder. The horizon radius r0 is defined as
f(r0) = 0.
One of the distinguishing features of this solutions is the absence of Misner
string (for example see appendix C [10] ), which means that we do not have
the additional condition f ′(r0) =
1
2n
, as a result, the temperature is T =
f ′(r0)/4pi [14, 15]. Since there are no contributions from Misner string, the
entropy is just the area of the horizon (i.e., the Bolt contribution), in contrast
with the spherical horizon case. The condition for a nut is that the mass
parameter m = mn = −4n3/l2 [14, 15], which leads to a zero-dimensional
fixed point rather than a two-dimensional fixed point which we call a bolt.
The temperature at the horizon is proportional to surface gravity of the
black hole and is given by,
T =
f ′(r)
4 pi
= 3
(r20 − n2)
4pil2r0
. (11)
Calculating the on-shell action using the background method using NUT
spacetime as a background space, one gets the action
I =
σ β
2
(
m+
r0(3n
2 − r20) + 2n3
l2
)
. (12)
Our analysis is based on the on-shell gravitational action I(T,N) which
we are going to use to calculate the entropy and the chemical potential ΦN of
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the conserved charge N = σ n. The change in Gibbs energy G(T,N) = I/β
is
dG = −S dT + ΦN dN, (13)
where (
∂G
∂T
)
N
= −S,
(
∂G
∂N
)
T
= ΦN . (14)
Using equation (14), or varying the action with respect to β = 1/T , one
can obtain the entropy from the action
S = β∂βI − I, (15)
which is the area of horizon, in contrast with the entropy calculated in [10],
S =
AH
4G
= σ pi(r20 − n2). (16)
Figure 1: The boundary manifold at a constant time form a closed two dimensional
paces with three surfaces that Br, Bx+ and Bx−
The total mass M can be obtained through a careful calculation of Ko-
mar mass integral which have three contributions, since the two-dimensional
boundary is a cylinder-like surface with a top and a bottom annuli, Bx+ and
Bx−. These are constant-x surfaces, in addition to Br the constant-r surface
at large r as shown in Figure-1.
M =
∫
B
dσµν ζµ;ν =
∫
Br
dσµνr ζµ;ν +
∫
Bx+
dσµνx+ ζµ;ν +
∫
Bx−
dσµνx− ζµ;ν , (17)
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where, ζ = ∂t is a time-like Killing vector. The annulus integrals give van-
ishing contributions for n = 0 case, and the only nonvanishing contribution
is coming from the constant-r surface at infinity. But for n 6= 0 case, these
annulus integrals leads to additional terms in the total mass, namely, 2N ΦN ,
leading to M = M − 2NΦN , where M = σ (m−mn) = σ(m + 4n3/l2) and
we have used Taub-NUT space as a background space. Also, this mass might
be obtainable from the counterterm method, keeping in mind that we have
three surfaces that form the boundary at infinity, in this calculation one
obtain an additional, 2NΦN term from the annulus integrals, but there is
a linear divergent term n2 r, which we could not remove using the known
counterterms.
Another way of calculating the total mass of the spacetime is through the
relation
M = ∂βI = (I + S) T −N ΦN , (18)
which is given by the following expression
M = σ
[2n2 + (r0 + n)
2] (r0 − n)2
2 l2 r0
, (19)
we have also found that
Φn =
(
∂M
∂n
)
S
= −3nσ (r0 − n)
2
2 r0l2
. (20)
Varying this mass with respect to the entropy, one finds(
∂M
∂S
)
N
= T. (21)
One can check that the first law is satisfied or
dM = T dS −N dΦN . (22)
Notice that the mass, M is not the internal energy but its Legendre trans-
formation, since the internal energy depends on extensive quantities such as
conserved charges rather their chemical potentials. This is very similar to
identifying the mass with enthalpy when we introduce the cosmological con-
stant as pressure in extended black hole thermodynamics. Here we define
another type of energy MH ,
M =MH −N ΦN , (23)
where
dMH = dM+ d(N ΦN ) = T dS + ΦN dN. (24)
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MH depends on the extensive quantities S and N , which behaves more like
an internal energy for these variables and it is the Legendre transform of
the total mass. We will see that upon adding pressure (allow cosmological
constant to vary), MH is not the internal energy but the enthalpy of the
spacetime. Let us stop here for a moment to discuss the meaning of the
negative chemical potential ΦN < 0. One notices that in order to increase
N → N + δN , the spacetime must do some work, or spent some energy for
this change to take place. This energy is nonvanishing as long as r0 > n, but
as r0 → n, this amount is going to be vanishingly small.
An important issue here which needs some discussion is the effects of these
annulus integrals on the action calculation. These integrals might modify
the action through adding new surface terms to the Gibbons-Hawking sur-
face term. In the previous Komar mass calculation, although the extrinsic
curvature Kij of the constant-x hypersurface is not vanishing in the n 6= 0
case (which contribute to the mass), its trace is vanishing, as a result, the
action expression is not changed. This explains why we keep using the action
with the Gibbons-Hawking term at constant-r surface.
If we allow the cosmological constant Λ = − 3
l2
to vary3, according to
extended thermodynamics[30, 31, 32, 33], we get a pressure P = −Λ
2
, the
thermodynamic volume is given by
V =
(
∂G
∂P
)
S,N
=
σ
3
(2n + r0)(r0 − n)2, (25)
which is always positive for r0 > n. Notice that the volume here is different
from the one discussed in [34, 35] or [21] since our action is I = Ib − In, i.e.,
our reference spacetime is the Taub-NUT instead of AdS. It is relevant here
to see the variation of different thermodynamics quantities,
dMH = TdS + ΦN dN + V dP, (26)
dM = TdS −N dΦN + V dP, (27)
where, (
∂MH
∂N
)
S,P
= ΦN ,
(
∂MH
∂P
)
S,N
= V, (28)
3To describe a dynamically varying cosmological constant in gravitational theories
one might introduce a sourced totally anti-symmetric tensor field couples to gravity
[26, 27, 29, 28]. In the classical equations of such a system the anti-symmetric tensor
gives rise to a term that acts as cosmological constant. In this work we consider the cos-
mological constant as a thermodynamic variable following the phenomenological approach
suggested and developed by the authors in [30, 31, 32, 33] which interprets it as a pressure
since its conjugate variable is the volume. This approach is sometimes called extended
thermodynamics.
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(
∂M
∂ΦN
)
S,P
= −N,
(
∂M
∂P
)
S,ΦN
= V. (29)
Testing the above expressions through Smarr formula, one find that the above
quantities satisfy
M = 2S T − 2P V, (30)
which is nontrivial test for the consistency of this treatment and in the case
of vanishing Λ it reduces to the same expression given by Hunter [9]. Notice
here that total mass is neither the internal energy, U , nor enthalpy but
M = U + PV −NΦN = H −NΦN , (31)
or the Legendre transform of the enthalpy, H =MH since it depends on ΦN
rather than N .
4 Dyonic-Taub-(Bolt/NUT) Black Holes with
Flat Horizon
The dyonic-Taub-Bolt/NUT solution has the following form for the metric
dS2 = f(r)
(
dt+
2nx
l
dφ
)2
+
dr2
f(r)
+
(
r2 − n2
l2
)
(dx2 + l2 dφ2) (32)
where
f(r) =
r4 − 6n2 r2 + l2 p2 − 3n4 − l2 q2 − 2ml2 r
l2 (r2 − n2) , (33)
and the nonvanishing components of the gauge potential are
At =
n p+ Ve(n
2 − r2 )− q r
n2 − r2 (34)
Aφ =
p (n2 + r2)− 2n r q
l2 (r2 − n2) x (35)
Thermodynamics imposes some regularity conditions on the gauge poten-
tial Aµ at the horizon which are different for the Bolt and NUT cases. For
the Bolt case, it requires the following relation,
qb =
n pb + Ve (n
2 − r20)
r0
, (36)
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For the NUT case, the Aµ regularity condition requires,
pn = −2nVe, qn = −2nVe, (37)
where, these conditions leads to f(r = n) = 0, for m = mn = −4n3/l2.
The temperature at horizon is given by,
T =
f ′(r)
4 pi
=
1
4 pi l2 r30
[
l2 V 2e (r
2
0 − n2) + 3 r40 − l2 p (p+ 2n pVe)− 3 r20 n2
]
.
(38)
Here we have electric and magnetic potentials, Φe and Φm, which can be
calculated as follows
Φe = At
∣∣∣∣
∞
− At
∣∣∣∣
r0
= Ve (39)
Φm = A˜t
∣∣∣∣
∞
− A˜t
∣∣∣∣
r0
=
p + nVe
r0
, (40)
where, A˜t is defined as F˜ = dA˜ and F˜ is the dual field strength.
Magnetic and electric charges are defined as the surface integral of the
electromagnetic tensor F and its dual F˜
Qm = −
∫
B∞
F, Qe = −
∫
B∞
F˜ . (41)
Here it is important to notice the nontrivial contributions coming from the
two annuli Bx±, which are going to add new contributions to the the electric
and magnetic charges at the boundary compared to their values when n is
vanishing.
Qm = −
∫
B∞
F = −
∫
Br
Fxy dx dy −
∫
Bx±
Fyr dy dr, (42)
Then, the total magnetic charge is given by
Qm = σ ( p + 2nVe ). (43)
The electric charge Qe is defined as
Qe = −
∫
B∞
F˜ = −
∫
Br
F˜xy dx dy −
∫
Bx
F˜yr dy dr. (44)
Following the same analysis, one gets
Qe = − σ
r0
(n p + Ve n
2 + Ve r
2
0). (45)
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The total conserved electric charge Qe, can be written as,
Qe = Q
∞
e − 2N Φm, (46)
where Q∞e = σ q, is the total charge when we set n = 0. This electric charge
is going to play a role in thermodynamics rather than Qe. Also, the total
conserved magnetic charge Qm, can be written as,
Qm = Q
∞
m + 2N Φe, (47)
where, Q∞m = σ p is the total magnetic charge when we set n = 0. The
electric and magnetic potentials can be written in the following form
Φe = −Qe +N Φm
σ r0
, Φm =
Qm −N Φe
σ r0
. (48)
5 Thermodynamics and the first law
Calculating the on-shell action using the background method and choosing
Taub-NUT as the reference space, one gets
I =
σ β
2
[
m− q Ve + (p+ nVe)(p + 2nVe )/r0 + r0 ( 3n2 − r20)/l2 + 2n3/l2
]
.
(49)
Again, varying the action with respect to β, one can calculate the entropy
from the action
S = β∂βI − I, (50)
S =
AH
4G
= pi AH = σ pi (r0
2 − n2), (51)
which is the area of horizon. Let us check the thermodynamic quantities of
these solutions, at the same time, allow for a varying cosmological constant,
or pressure, P = 3
2 l2
. The Gibbs energy G(T,N,Φe, Qm, P ) is nothing but
I/β. Notice that the volume is same as the noncharged solution, V = σ
3
(2n+
r0)(r0 − n)2. One can check the consistency of thermodynamics through the
variation of G(
∂G
∂Φe
)
T,Φe,Qm,P
= −Q∞e ,
(
∂G
∂T
)
N,Φe,Qm,P
= −S, (52)
(
∂G
∂Qm
)
T,N,Φe,P
= Φm,
(
∂G
∂P
)
T,N,Φe,Qm
= V. (53)
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In addition, one can calculate ΦN , as(
∂G
∂N
)
T,Φe,Qm,P
= ΦN (54)
ΦN = − 1
2 r30
(
2 pm (n pm + Ve (r
2
0 − n2)) + nVe2 (n2 − 3 r20) +
3n (n− r0)2 r20
l2
)
,
(55)
where, pm = p− 2nVe. These results are consistent with the change in G.
dG = −S dT − Q∞e dΦe + Φm dQm + ΦN dN + V dP, (56)
Defining the total energy/mass of the spacetime as
M = ∂βI + Q
∞
e Φe, (57)
one gets the following expression
M =
σ
2 r0
[
[2n2 + (r0 + n)
2](r0 − n)2
l2
+
[(r40 + 4n
2 r20 − n4) (q2 − p2m)− 8n3 r0 q pm]
(r20 + n
2)2
]
.
(58)
Similar to the neutral case the mass of the solution can be written as
M =M − 2N ΦN (59)
The first law of thermodynamics for the charged solution takes the form
dM = T dS + Φe dQ
∞
e + Φm dQm −N dΦN + V dP. (60)
The first law can be checked through the following relations
(
∂M
∂Qm
)
S,Q∞,ΦN ,P
= Φm,
(
∂M
∂S
)
ΦN ,Q∞e ,Qm,P
= T,
(
∂M
∂ΦN
)
S,Q∞,Qm,P
= −N,
(
∂M
∂Q∞e
)
S,ΦN ,Qm,P
= Φe,
(
∂M
∂P
)
S,ΦN ,Q∞e ,Qm
= V. (61)
The change in enthalpy,
H =MH =M −N ΦN = M+N ΦN (62)
takes the following form
dH = TdS + ΦN dN + Φe dQ
∞
e + Φm dQm + V dP. (63)
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Again, testing these expressions through Smarr’ formula, one find that the
above quantities satisfy
M = 2S T − 2P V + Q∞e Φe + QmΦm, (64)
which is a sign for the consistency of this approach. If we substitute with
M =M−2NΦN , our Smarr’s relation is identical to the one obtained recently
in [38] for the spherical Lorentzian Taub-Bolt case. It is interesting to see
here that the electric charge that enter the first law is Q∞e but the magnetic
charge is the full charge Qm. In order to confirm these results formally, we
are going to express the mass variation using Hamiltonian calculations. This
is the task of the coming section.
6 Hamiltonian and First Law
Following the Hamiltonian calculation in [36] and its variation one can con-
firm the previous results. To calculate the Hamiltonian we analytically con-
tinue the dyonic solution to get its Lorentzian version. Let us take,
t = i τ, , n = i n˜, , q = i q˜, Ve = −i V˜e, , p = p˜.
(65)
Our solution becomes
dS2 = −f(r)
(
dτ +
2 n˜ x
l
dφ
)2
+
dr2
f(r)
+
(
r2 + n˜2
l2
)
(dx2 + l2 dφ2), (66)
where,
f(r) =
r4 + 6 n˜2 r2 + l2 p2 − 3 n˜4 + l2 q˜2 − 2ml2 r
l2 (r2 + n˜2)
, (67)
and the gauge potential nonvanishing components are
A˜t =
n˜ p˜+ V˜e(r
2 + n˜2)− q˜ r
r2 + n2
(68)
A˜φ =
p˜ (n˜2 − r2)− 2 n˜ r q˜
l2 (r2 + n˜2)
x (69)
Thermodynamical quantities of this solution are
Q˜e = σ (q˜e − 2n˜ Φ˜m) = Q˜∞e − 2N˜ Φ˜m, Φ˜e = V˜e
Q˜m = σ ( p˜ + 2 n˜ Φ˜e ) = Q˜
∞
m + 2N˜ Φ˜e, , Φ˜m =
p˜ + n˜ V˜e
r0
. (70)
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Putting the metric in the ADM form
ds2 = −N2 dt2 + hij ( dxi + βi dt) (dxj + βj dt) (71)
where,
N2 =
f(r) (r2 + n˜2)
r2 + n˜2 − 4 x2 n˜2 f(r) l−2 , β
φ = − 2
l
(
n˜ x f(r)
r2 + n˜2 − 4 x2 n2 f(r)l−2
)
,
where, N is the lapse function and β is the shift vector.
To do 3 + 1 splitting, we start with a time-flow vector tµ, defined as
tµ∇µt = 1 or equivalently we have, tµ = δµ0 . Also the spatial metric can be
constructed as follows,
hµν = gµν + nµnν (72)
where,
nµ =
1
N
( tµ − βµ). (73)
In ADM 3+1 split, we have a spatial hyper-surface Σ with a unit normal
vector nµ, the metric on Σ is h
µν . In Hamiltonian formalism our dynamical
fields are hab and Aa (after dropping tilde) where, a, b = 1, 2, 3. the mo-
menta of the field variables are ΠabG for the gravitational field and pi
a for the
electromagnetic field. where,
ΠabG =
∂L
∂h˙ab
= −
√
h
2κ
(Kab − habK ), (74)
ΠaEM =
∂L
∂A˙a
=
√
h
2κ
(F µanµ ) =
√
h
2κ
Ea, (75)
where, Kab is the extrinsic curvature of hab and K is its trace.
We have two constraints Cµ, and C, where C is Gaussian constraint
or DaE
a = 0 while Cµ is the general relativity constraints determined by
Einstein field equations, then one gets
H =
∫
Σ
ξµCµ + ξ
µAµC (76)
where, ξµ is the time evolution vector or time-like vector that vanishes at the
horizon. and,
C = −
√
h
4
DaE
a (77)
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C0 = −2
√
h (Gµν + Λ gµν − 2 Tµν)nµnν
= −
√
h
4
R(3) − 4
√
h(ΠabGΠ
G
ab − Π2G/2) + 2
√
hΛ− 8pi
apia√
h
− 1
4
√
hFabF
ab
(78)
Ca = −2
√
h (Gaν + Λ gaν − 2 Taν)nν = −2
√
h habDc(
Πbc√
h
) + 4Fab pi
b. (79)
The vanishing of the Hamiltonian leads to a relation between the mass and
the other thermodynamic parameters [36]. Upon varying the mass with re-
spect to electromagnetic quantities one gets,
δMEM = −
∫
dSb
[
ξµAµδE
b + (NF ab − 2E[aβ b]) δAa
]
, (80)
where ξ is the time-like ∂t. This is very similar to the variation in [36], but in
four dimensions. Calculating this expression and taking into account that for
every term we have three contributions coming from the boundary surfaces,
the constant-r surface Br, and the two annuli Bx± one gets the following
result
δMEM = V˜e d Q˜
∞
e + Φ˜m d Q˜m (81)
which reproduces the electrodynamic part of first law in a more formal man-
ner. This confirms the previous thermodynamic results.
7 Conclusion
I this work we present a new treatment for studying thermodynamics and
the first law of topological neutral and dyonic Taub-Bolt/NUT-AdS solutions
in four dimensions. This treatment is based on introducing a new charge N
which is directly related to the NUT charge, n. In our treatment, N can vary
independently of the horizon radius r0, as a result of the absence of Misner
string in the Euclidean Taub-Bolt/NUT solution. Upon identifying one of
the coordinates the spatial boundary of these cases, the spatial boundary
is a cylinder-like surface at large radial distance r with three distinguished
surfaces, two at constant-x and one at constant-r. Although the two constant-
x surfaces, or the annulus-like surfaces, do not receive fluxes of conserved
quantities in the n = 0 case. The n 6= 0 case is different and one can show
that they bring additional contributions to the mass, electric and magnetic
charges, which are given as Qe ∼ q − 2nΦm, Qm ∼ p + 2nΦe and M ∼
m − 2nΦn. The calculated thermodynamic quantities obey the first law of
thermodynamics and the entropy is the area of the horizon.
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Using N = σ n as a new charge we were able to show that the first law
in the neutral and dyonic cases are satisfied using the quantities Qe, Qm
and M, the entropy S, as the area of the horizon, N and ΦN . Furthermore,
these quantities do satisfy Smarr’s formula in the neutral and dyonic cases.
One of the intriguing issues of the dyonic case is that although the full mag-
netic charge Qm contributes to the thermodynamics, only part of the electric
charge, namely, Q∞e contributes to it. To make sure that we got the correct
first law we followed the work in [36] to calculate the Hamiltonian and its
variation. Using the Hamiltonian variation we obtained a similar formula to
that of [36], but in four dimensions, which reproduced the first law obtained
in the previous sections. This reflects the consistency of our thermodynamic
results.
It would be interesting to extend this treatment to Taub-Bolt solutions
with Lorentzian signature and spherical or hyperbolic horizons which is under
investigation now and we are going to report on it soon. Another issue worth
investigating is the reason the first law is only satisfied with Q∞e and Qm.
We hope that we can investigate this issue in some future work.
A counter-term calculation
In the following we use the counter-term method to calculate the action for
a neutral Taub-Bolt solution,(q = p = V = 0). This method is equivalent
to choosing a AdS as a background space-time (instead of the Taub-NUT
background). Through calculating the thermodynamical quantities of this
solution one can see that the first law and Smarr’s formula are satisfied and
have the same form presented in the article. We start with the gravitational
action,
I = IEH + Is + Ict, (82)
where, IEH is Einstein-Hilbert action, Is is Gibbons-Hawking boundary term,
and Ict is a surface counter term added to cancel the divergences [23, 15].
The action can be written explicitly as,
I =
σβ
2
[
m+
r0 (3n
2 − r20)
l2
]
(83)
where β is the temperature reciprocal, namely,
T =
1
β
=
3 (r20 − n2)
4pi l2r0
(84)
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and,
m =
1
2 l2 r0
(r40 − 6n2r20 − 3n4) (85)
Knowing that,
G =
I
β
= H − TS → H = I
β
+ TS (86)
where, G is the Gibbs free energy, H is the enthalpy. One can easily find
that H satisfies the following version of the first law,
δH = TδS + V δP + Φnδn (87)
with S is equal to a quarter of the horizon area, V is the thermodynamic
volume and here it takes the same form calculated in [34], namely,
V =
σ
3
(r30 − 3n2r0) (88)
and Φn is the nut potential which can be calculated through the action or
Gibbs free energy as,
Φn =
(
∂G
∂n
)
T,P
= − 3σn
2 l2 r0
(r20 + n
2) (89)
Combining the above quantities, one can write Smarr‘s formula of the mass
M as follows,
M = H − nΦn = 2TS − 2PV (90)
The variation of the Smarr‘s formula satisfies the following version of the first
law,
δM = TδS + V δP − n δΦn (91)
which is in agreement with Smarr‘s formulas and first laws in the case of
Taub-NUT background. This calculation can be generalized to the charged
case, q 6= 0, p 6= 0, V 6= 0, as well.
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